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Coherent Distributions and Quantization
Marius Grigorescu
This work1 presents a selective review of results concerning the mathematical interface
between the classical and quantum aspects encountered in problems such as the nuclear
mean-field dynamics or quantum Brownian motion. It is shown that the main differ-
ence between classical and quantum behavior arises from the coherence properties of the
phase-space distributions known as ”action waves” and Wigner functions. The quantum
wave functions appear as elementary degrees of freedom for the phase space granularity.
1Based on the research proposal 338620ERC-2013-ADG ”Functional Coherent Distributions on Gran-
ular Phase-Space and Quantization”, November 22 (2012).
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1 Introduction
In classical statistical mechanics, the entropy of a many-body system is defined with
respect to a partition of the 2n-dimensional one-particle phase-space in elementary cells,
but the size of these cells is not specified. The occurrence of h = 6.626×10−34 J·s in the
Planck distribution for thermal radiation was considered as evidence for such a granular
structure, with cells (”quantum states”) of volume hn. The old quantum mechanics
maintained this view, as for the integrable systems in action-angle coordinates a cell
structure was introduced by the set of stationary orbits (invariant tori) selected by the
Bohr-Sommerfeld quantization conditions. In quantum mechanics however, the physical
states of microparticles are described by rays in an abstract Hilbert space, and its main
elements (wave-functions and operators) are expressed in terms of only n coordinates.
This formalism, though quite successful in atomic physics, is not complete, because it
requires additional rules for ”quantization” (e.g. algebraic (Dirac), geometric [1, 2, 3, 4])
and interpretation (e.g. probabilistic interpretation of the scalar product). These rules
provide an interface between the physical observables defined at classical level and the
abstract Hilbert space in some important situations of interest (e.g. the measurement
process), but are not enough general to join classical and quantum mechanics into a
single theory. One of the difficulties in formulating such a theory is that while thermal
fluctuations in classical systems can be explained by the action of random forces, the
origin of the quantum fluctuations is unknown. The conceptual gap between classical
and quantum mechanics is illustrated for instance by the early (1927) Bohr-Einstein
debate on the intrinsic statistical character of quantum mechanics, the paradox of the
”Schro¨dinger’s cat experiment”, or the Zeno paradox at the continuous measurement
process [5]. There was also a constant effort to bridge this gap by non-standard theo-
ries such as the thermodynamics of the isolated particle of L. de Broglie, the Bohmian
interpretation of quantum mechanics, or the hypothesis of spontaneous wave function
collapse [6].
Considering quantum mechanics as fundamental, in the case of a mixed system con-
taining classical and quantum components one can start with a quantum description of
the whole system, and then perform partial tracing over the variables known as classical.
Along this line, the classical dynamics of a nuclear collective model can be derived as
constrained quantum dynamics if in the quantum time-dependent variational principle
(TDVP) for the Schro¨dinger Lagrangian Lψ = 〈ψ|i~∂t − Hˆ|ψ〉, ψ belongs to a suitable
manifold of trial wave functions (e.g. coherent states) [7, 8]. A possible mechanism
to generate such a collective phase-space as a symplectic submanifold of the quantum
Hilbert space is the spontaneous symmetry breaking [9].
Classical degrees of freedom in nuclear, atomic or molecular systems can be intro-
duced using the Born-Oppenheimer approximation. However, attempts to formulate
a theory of genuine mixed classical-quantum dynamics appear in 1994, in the form of
coupled Hamilton-Schro¨dinger [10] or Hamilton-Heisenberg [11] equations, derived from
a mixed TDVP. The mixed Lagrangian contains a classical part Lcl(x, x˙), the quantum
part Lψ, and an interaction term Lint(x, ψ) depending both on the coordinates x(t) of
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the classical component and the quantum wave function ψ(q, t).
In the case of a quantum particle coupled to a thermal bath of classical harmonic
oscillators by a bilinear interaction the Hamilton-Schro¨dinger equations can be reduced
to a non-linear Schro¨dinger-Langevin equation, containing noise and non-linear friction
terms (nonlinearity due to the backreaction of the classical environment) [10]. Further
applications present two variants of this approach:
- for a many-body quantum system, described within some mean-field approximation,
ψ is constrained to a symplectic submanifold of the quantum Hilbert space. The example
of a superfluid quantum many-fermion system in a thermal environment was considered
in [12, 13].
- for the study of decoherence Lψ can be expressed in terms of the density matrix,
such that instead of the Schro¨dinger-Langevin equation one obtains a quantum Liouville-
Langevin equation [14]. Applications to atomic transition rates in thermal radiation
field and decoherence time for a two-level system with Ohmic dissipation are presented
in [14]. Numerical integration shows that dissipation produced by the non-linear friction
term alone (at zero temperature) resembles the spontaneous decay obtained when the
classical environment is quantized. The realistic situation of dissipative atomic tunneling
in an asymmetric quartic (double well) potential at finite temperature is presented in
[15]. Analytically it was shown that if the nonlinear friction term is neglected, then by
taking the ensemble average, the results are equivalent to the integration of a quantum
Fokker-Planck equation for the density matrix [15].
The extensive literature on these subjects also includes a detailed analytical study of
the environmental decoherence during macroscopic quantum tunneling in a cubic poten-
tial using a quantum Kramers equation for the reduced Wigner function of the tunneling
particle [16], or a variational principle describing a classical statistical ensemble on the
configuration space interacting with a quantum system, applied to couple quantum mat-
ter fields and classical metric [17].
The variants [10, 12, 14] are summarized in [18], using for the Lagrangian Ltot a
more compact form, with the term Lψ alone, but the trial wave functions ψ expressed
as a product between quantum, quasiclassical (e.g. mean-field) and classical (action
phase-factor) components. The quantum transport equation derived in [15] is also im-
proved by the non-linear friction term to get a Fokker-Planck equation, and integrated
numerically for the two-level system. The results show the advantage of the non-linear
Liouville-Langevin equation, because the presumed non-linear friction term in the quan-
tum Fokker-Planck equation does not ensure thermalization.
Attempting to find a random force which could simulate quantum fluctuations, I
have arrived at the unexpected result that there is no such force, but instead that a
certain ”granularity” is required [19], like in the old quantum mechanics. Thus, while
the random force destroys the classical coherence expressed by the Hamilton-Jacobi
equation, discretization at a certain scale may induce the ”quantum” type of coherence.
The next section reminds the framework of statistical mechanics in which the ”clas-
sical” coherent distributions are defined, Section 3 outlines the transition to Wigner
functions, while the Fokker-Planck equation is discussed in Section 4.
3
2 The Liouville equation
Let (Mµ, ωµ) be the phase space of a classical elementary system µ (molecule) with n
degrees of freedom [20], and (MΓ, ωΓ) the 2nN - dimensional phase space of the ensemble
Γ (gas) consisting of N identical elementary subsystems,
MΓ = M1 ×M2 × ...×MN , ωΓ =
N∑
µ=1
ωµ . (1)
In particular, the state of a system composed of N identical point-like particles is de-
scribed on the 6N dimensional manifold MΓ ≡ T ∗R3N by a representative (”phase”)
point m of coordinates (Q,P ). To obtain a statistical description of the ensemble each
manifold Mµ is divided in K infinitesimal cells {bj ⊂M, bj 6= ∅ ; bi∩bj |i 6=j = ∅ , i, j ∈ Ib},
Ib = {1,K},
Mµ = ∪j∈Ibbj , (2)
of volume
Ωjµ =
∫
b¯j
Ωµ , Ωµ = |ω3µ|/6 = d3qd3p . (3)
Therefore, we also obtain a partition of the manifold MΓ in NB = K
N cells Bj of volume
ΩjΓ, j = 1, NB. Denoting by wj the probability to find the representative point m ∈MΓ
at the time t in the cell Bj , the ratio Pj = wj/ΩjΓ defines the distribution function of
the probability density P, normalized by∫
MΓ
ΩΓ P = 1 , ΩΓ ≡ dQdP .
It is important to remark that to address the issues of continuity and unicity of P it
might be necessary to consider instead of a partition (2) an indexed system of open sets
{Ui, i ∈ I} covering Mµ and a system of q-cochains [21], q = 0, 1, associating to each set
of q + 1 indices i0, ..., iq from I a function Pq(i0, ..., iq) ∈ R on Ui0 ∩ Ui1 ... ∩ Uiq .
As the Hamiltonian flow Ft on MΓ preserves the volume element ΩΓ, the probability
density behaves as a perfect fluid described by the continuity (Liouville) equation
∂tP + LHP = 0 , (4)
where LHP ≡ −{H,P} is the Lie derivative defined by the Poisson bracket and H is the
total Hamiltonian, including interaction terms.
The dimensionality of P depends on the dimension of MΓ, 2nN . Because in general
MΓ is not a metric space it is convenient to introduce a fundamental unit h for ωµ, such
that hNn is the fundamental unit for ΩΓ. The ratio γj = Ω
j
Γ/h
Nn is the weight of the
cell Bj , while P¯ = hNnP is dimensionless, normalized by∫
MΓ
ΩΓ
hNn
P¯ = 1 . (5)
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The expectation value of a many-body observable A ∈ F(MΓ) (smooth function on MΓ),
defined by
< A >=
∫
MΓ
ΩΓ
hNn
P¯ A ,
evolves in time according to
d < A >
dt
=< {A,H} > . (6)
The expectation value of −kB ln P¯, where kB is the Boltzmann constant, defines the
entropy
S = −kB
∫
MΓ
ΩΓ
hNn
P¯ ln P¯ . (7)
The one-particle probability density ρ (or ρ¯ = hnρ) on the phase-space Mµ is related to
the density P on MΓ by the projection given by integration over N − 1 manifolds Mµ,
ρ(q,p) =
∫
d3q2...d
3qNd
3p2...d
3pNP(q,q2, ...,qN ,p,p2...pN ) . (8)
This is well defined because the particles are identical, and although the permutations
of coordinate indices 1, 2, ...N → {i1, i2, ..., iN} yield different phase points, P remains
invariant. For instance, if P is a symmetric functional
P(Q,P ) = 1
N !
∑
{i1...iN}
ρ1(qi1 ,pi1)ρ2(qi2 ,pi2)...ρN (qiN ,piN )
of L ≤ N distinct distribution functions ρλ, λ = 1, L on Mµ, then
ρ(q,p) =
1
N
L∑
λ=1
Nλρλ(q,p) , (9)
where Nλ is the number of particles assigned to ρλ.
The ensemble of identical particles can also be described using the Boltzmann repre-
sentation of ”occupation numbers” in the µ-space. Thus, on Mµ = T
∗R3, each particle
is represented by a point of coordinates (q,p)i, i = 1, N . Let (2) be a partition of Mµ
and Nj the average number of particles localized in the cell bj . The ratio fj = Nj/Ω
j
µ
defines the distribution function of the particle density f = Nρ on Mµ, normalized by∫
Mµ
Ωµ f = N . (10)
If there are no interactions between particles, f satisfies the one-particle Liouville equa-
tion
∂tf + LH f = 0 (11)
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where H ∈ F(Mµ) is the one-particle Hamiltonian and LHf ≡ −{H, f}. If Mµ = T ∗R3,
then
LH = (∇pH) · ∇ − (∇H) · ∇p , (12)
where ∇p ≡ ~∂p, ∇ ≡ ~∂q, and for
H(q,p) =
p2
2m
+ V (q) (13)
(11) becomes
∂f
∂t
+
p
m
· ∇f −∇V · ∇pf = 0 . (14)
2.1 Classical coherent states
To solve (14) it is convenient to use the Fourier transform f˜(q,k, t) in momentum,
f˜(q,k, t) ≡
∫
d3p eik·pf(q,p, t) , (15)
which is a density on the configuration space R3 related to the particle (n) or current
(j) densities by
n(q, t) ≡
∫
d3p f(q,p, t) = f˜(q, 0, t) , (16)
j(q, t) ≡
∫
d3p
p
m
f(q,p, t) = − i
m
∇kf˜(q, 0, t) . (17)
Thus, if f(q,p, t) is a solution of (14), then its Fourier transform f˜(q,k, t) will satisfy
∂tf˜ − i
m
∇k · ∇f˜ + ik · (∇V )˜f = 0 . (18)
An important class of solutions for the one-particle Liouville equation (14) is represented
by the ”action distributions”
f0(q,p, t) = n(q, t)δ(p−∇S(q, t)) . (19)
These are coherent functionals in the sense that remain all the time a product between
n(q, t) and δ(p−∇S(q, t)). The two real functions of coordinates and time, n(q, t) and
S(q, t) are related by the Hamiltonian flow because for
f˜0(q,k, t) = n(q, t)e
ik·∇S(q,t) (20)
(18) reduces to the system of equations
∂tn = −∇j (21)
n∇[∂tS + (∇S)
2
2m
+ V ] = 0 (22)
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where j ≡ n∇S/m is the current density (17). Thus, presuming the existence of a ”mo-
mentum potential” S(q, t) we get both the continuity and Hamilton-Jacobi equations.
In general the solutions of (22) are multi-valued, and f0 is a sum
f0 =
∑
i
niδ(p−∇Si)
over different branches. The solutions f˜0 ≡ n[S] corresponding to the same function S
satisfy the superposition principle, (n1 + n2)
[S] = n
[S]
1 + n
[S]
2 , and can be called ”action
waves”.
If n(q) is a solution of the system (21), (22), then −n(q) is also a solution. To obtain
only positive solutions it is convenient to search n = f˜|k=0 of the form n = |ψ|2, where
ψ can be a complex function. When ψ =
√
n exp(iS/σ), with σ a dimensional constant,
then
ωˆ ≡
∫
d3q (dn ∧ dS) = −iσ
∫
d3q (dψ∗ ∧ dψ) (23)
is the symplectic form induced by the complex structure of the Hilbert space H = {ψ ∈
L2(R3)}. The constant σ and h from (5) have both dimensionality of action, and in the
quantum theory σ = h/2pi ≡ ~, where h is the Planck constant.
It is important to remark that while the singularity of f0 is necessary for coherence,
it yields infinite entropy, and therefore is not realistic. To obtain finite entropy we can
replace for instance the delta function δ(p−∇S) by a Gaussian2
g(p) =
1
(pib)3/2
e−(p−∇S)
2/b ,
where b is a finite constant, but in general f = ng is not coherent. However, in the par-
ticular case of the harmonic oscillator (V (q) = mω2q2/2) we can find coherent solutions
of the form ρG(q,p) = g
X(q)gY (p),
gX(q) =
1
(pia)3/2
e−(q−X)
2/a , gY (p) =
1
(pib)3/2
e−(p−Y)
2/b ,
if b/a = m2ω2 and X,Y are time-dependent variables which satisfy the classical equa-
tions of motion, X˙ = Y/m, Y˙ = −mω2X. These are solutions of constant entropy
(classical, S(ρG) = −kB < ln ρ¯G >= 3kB(1 − ln 2), and quantum, [22]), which can also
be written in the form
ρG(q,p) =
1
(2pi)3
∫
d3k e−ik·p ψG(q+
σk
2
)ψ∗G(q−
σk
2
) , σ =
√
ab (24)
where ψG(q) =
√
gX(q)eiq·Y/σ. If σ = ~ then ψG are (up to a phase factor) the
nonstationary solutions of the TDSE known as Glauber coherent states. An application
of such states to describe ”preformed” alpha particles in heavy nuclei, with relevance for
the Geiger-Nuttall law [23], was presented in [24]. At astronomic scale, we may presume
that for a suitable constant σ similar considerations might explain the ”preformation”
of planets along the orbits described by the Titius-Bode law.
2Gaussian distributions usually describe fluctuations around a mean.
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3 Discretization, coherence and quantization
The partial derivative k · ∇S(q, t) in (20) is the limit of
k
`
[S(q+
`
2k
k, t)− S(q− `
2k
k, t)] , (25)
with k = |k| 6= 0, when `→ 0. However, if k → 0 too, a more detailed discussion might
be necessary.
From the early days of differential calculus, it was presumed that in (25) ` can be
arbitrarily small, but finite. It seems though that for microparticles there is a physical
limit `0, and ` → `0 > 0. The existence of an elementary length `0 > 0, proposed
by W. Heisenberg (`0 ∼ 10−15 m) and M. Planck (`0 ∼ 10−34 m), was developed in
the framework of general relativity theory, by the model of crystalline lattice of the
physical space-time [25], or in string theory [26]. Independently of these considerations,
the assumption of a finite limit `0, expected for each massive particle near its Compton
wavelength (`0 ∼ 1/m), was used in [19, 27, 28] to justify the transition from a classical
coherent distribution (20) to a ”quantum” distribution of the form (24). Let us presume
that in the action wave (20) we approximate the phase k · ∇S(q, t) by (25) and the
amplitude3 n(q) by
√
n+n−,
n± = n(q± `
2k
k) .
Thus, the space derivative ∂qiS(q, t) is replaced by the finite differences expression with
respect to a minimum length `i = `ki/k, while the integration on k is limited by the size
of the domain in which n(q, t) 6= 0. In terms of the new parameter σ = `/k, if k 6= 0
then
f˜0(q,k, t) = lim
σ→0
f˜ψ(q,k, t) (26)
where
f˜ψ(q,k, t) ≡ ψ∗(q− σk
2
, t)ψ(q+
σk
2
, t) (27)
with ψ =
√
n exp(iS/σ). Moreover, in the limit k → 0
S(q± σ0
2
k, t) = S(q, t)± σ0
2
k · ∇S(q, t) + σ
2
0
8
(k · ∇)2S(q, t)± ...
and if the terms containing (σ0k)
m, m ≥ 3, are neglected, then
k · ∇S(q, t) ≈ 1
σ0
[S(q+
σ0
2
k, t)− S(q− σ0
2
k, t)]
for any dimensional constant σ0 > 0. Therefore, within a suitable domain for k, we may
consider σ from (26),(27) as a finite constant, related eventually to the size of the cells
bj used in the partition (2). If σ = ~ then fψ obtained inverting (15),
fψ(q,p, t) =
1
(2pi)3
∫
d3k e−ik·p f˜ψ(q,k, t) (28)
3This means ln n ≈ (ln n+ +ln n−)/2, which indicates that such an n(q) is up to the factor N a ”pure”
1-particle probability density rather than an ensemble average.
8
is the Wigner transform [29, 30] of the complex ”wave function” ψ =
√
n exp(iS/σ).
Some properties of this functional are summarized below:
- fψ is not positive definite, and in general it cannot represent particle density. However
it is integrable, and the normalization condition (5) takes the form∫
d3qd3p fψ(q,p, t) =
∫
d3q |ψ(q, t)|2 ≡ 〈ψ|ψ〉 = N , (29)
where N can be seen as the number of particles (or identical 1-particle systems) used to
define the probability density ρ = n/N .
- The ”overlap” integral between two distributions fψ1 , fψ2 , over the phase-space is [27]
(fψ1 , fψ2) ≡
∫
d3qd3p fψ1fψ2 =
N
h3
< f¯ψ2 > |ρψ1 =
|〈ψ1|ψ2〉|2
(2piσ)3
(30)
where
〈ψ1|ψ2〉 ≡
∫
d3q ψ∗1(q, t)ψ2(q, t) (31)
is the scalar product between ψ1 and ψ2 as elements of the quantum Hilbert space H.
Thus, the overlap (30) is positive and directly related to the statistical interpretation
of the scalar product in quantum mechanics, suggesting again the choice σ = ~. In
particular, the overlap between fψ and the Gaussian (24) is positive.
- The expectation value of a classical observable A such as q, p, p2 , L = q× p,
< A >fψ=
∫
d3qd3p fψ A =
∫
d3q ψ∗(q, t)Aˆψ(q, t) ≡ 〈ψ|Aˆ|ψ〉 = 〈Aˆ〉ψ
is just a matrix element of the usual operator Aˆ on H associated to the observable A:
qˆ = q, pˆ = −iσ∇, pˆ2 = −σ2∆, Lˆ = −iσq × ∇. For the Hamiltonian (13) < H >fψ=
〈Hˆ〉ψ, Hˆ = −σ2∆/2m+ V , and the energy density becomes
wq =
∫
d3pfψH =
σ2
2m
[|∇ψ|2 − 1
4
div(ψ∗∇ψ + ψ∇ψ∗)] + V ψ∗ψ . (32)
- A symplectic diffeomorphism Φ of (M,ω) which acts on fψ ∈ F(M) by Φ∗fψ = fψ′
yields, according to (30), a unitary transformation UˆΦ of the state vectors ψ ∈ H of the
form ψ′ = Uˆ−1Φ ψ, such that
Φ∗fψ = fUˆ−1Φ ψ . (33)
In particular, when Φ is the action of a Lie group G, the infinitesimal transformations
take the form Uˆ = 1 + iJˆ , where Jˆ are Hermitian operators associated to the elements
of the Lie algebra g of G. Thus, the main difference between the classical and quantum
outcome of dynamical symmetries (e.g. at spontaneous symmetry breaking) is due to
their realization within spaces having different coherence properties (f0 and fψ).
In general, a functional f[n,S] of n and S, will be called coherent with respect to
the classical Liouville equation if during time-evolution it remains the same functional,
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although n and S may change. According to [19], if the potential in H is a constant,
linear, or quadratic polynomial of q, then fψ is an exact solution of the Liouville equation
∂tfψ = {H, fψ} if ψ is an exact solution of
iσ∂tψ = Hˆψ , Hˆ = − σ
2
2m
∆ + V , (34)
formally identical to the time dependent Schro¨dinger equation (TDSE). Thus, f0 is co-
herent for any Hamiltonian, but fψ is coherent only for polynomial potentials of degree at
most 2. This restriction was derived before using different arguments both in algebraic
and geometric quantization [1, 28].
Beside the stability of the functional form, another aspect of the ”coherence” prop-
erty is that for f0 and fψ the two functions n and S play also the role of canonically
conjugate variables. This aspect is particularly important for real waves quanta such
as photons or phonons [31], and it can be shown [19] that the equations of motion for
these variables can be derived from a variational principle related to infinite-dimensional
Hamiltonian systems of the form
iXW ωˆ = dW , (35)
where ωˆ = dθˆ,
θˆ =
∫
d3q ndS , XW =
∫
d3q (∂tn
∂
∂n
+ ∂tS
∂
∂S
) ,
and W =
∫
d3q w is the classical (w ≡ wcl = nH(∇S,q)) or quantum, (w ≡ wq, (32) )
energy functional of n and S.
For an integrable distribution f ∈ L1(M) on the symplectic manifold M = T ∗Q,
the ”coordinates” (n, S) presume a foliation of M by Lagrangian submanifolds ΛS ⊂M
generated by S ∈ C1(W ),W ⊂ Q, and the projection
pi : L1(M) 7→ L1(Q) , pi(f) = n
defined by integration on ΛS . If S is the solution of the Hamilton-Jacobi equation, then
the asymptotic solution of the Schro¨dinger equation (34) in the WKB approximation
ψ ∼ exp(iS/σ) is related to the subspace of polarized sections r ∈ ΓL(M,ΛS) autoparallel
on ΛS ( ∇Xr = 0, ∀X ∈ TΛS) in a complex Hermitian line-bundle with connection
(L,∇) over M [28, 3, 2]. Thus, the subspace of the coherent functionals fψ defined by
the Wigner transform arises by a peculiar lift of ΓL(M,ΛS) to ΓL(M).
Although the relationship between ψ and fψ is nonlinear, and fψ1+ψ2 6= fψ1 + fψ2 , we
note that if ψ1, ψ2 are solutions of TDSE, and fψ1 , fψ2 satisfy the Liouville equation,
then fψ1+ψ2 is also a solution of the Liouville equation
4. Denoting by Pˆψ ≡ |ψ〉〈ψ| the
4The spectacular case in which the interference terms between ψ1 and ψ2 may produce the resonant
transfer of a heavy particle across a macroscopic distance is discussed in [32] using estimates based on a
finite triple-well potential.
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projection operator associated to the state function ψ, 〈ψ|ψ〉 = 1, the distribution fψ
(28) takes the form
fψ(q,p) = W(Pˆψ) ≡ 1
(2pi)3
∫
d3ke−ik·p〈q|Uˆk/2PˆψUˆk/2|q〉 (36)
with Uˆk/2 = e
ik·pˆ/2. Thus, between fψ and Pˆψ there exists a linear relationship by the
transform W. Moreover, if C denotes a complete set of states, (∑ψ∈C Pˆψ = 1ˆ), then∑
ψ∈C
fψ(q,p) =
1
(2piσ)3
. (37)
In terms of group actions, the configuration space Q = R3 is homogeneous space for the
Lie group G = R3 of the space translations, TqQ ' TeG ≡ g, the momentum space T ∗qQ
is parameterized by p ∈ g∗, and k, the Fourier dual to p, enters in (36) as a parameter
on G.
The eigenfunctions ψλ of Hˆ,
Hˆψλ = Eλψλ (38)
are stationary solutions of (34), ψλ(t) = e
−iEλt/σψλ(0), and correspond to distributions
fψλ independent of time, of energy
E =< H > |fψλ =
∫
d3qd3p fψλH = 〈ψλ|Hˆ|ψλ〉 = Eλ . (39)
It is important to remark that this equality, which is used in many stationary variational
calculations, holds for any Hamiltonian of the form (13) [33].
3.1 Relativistic Wigner functions and Schro¨dinger equation
The problem of relativistic Wigner functions and Schro¨dinger equation for massive par-
ticles was studied in [27] within the extended phase-space M e = T ∗R4 presented in [34].
Thus, the energy (E) and time (t ≡ q0/c) become conjugate variables, evolving with
respect to a true parameter u, called universal time. A particular class of coherent solu-
tions for the relativistic Liouville equation (RLE) consists of the ”action distributions”
fe0 (q
e, pe, u) = ne(qe, u)δ(p0 − ∂0S)δ(p−∇S) , (40)
where ne is the probability density of localization in space-time. Considering ∂uS =
m0c
2, in the case of a free particle we get the continuity equation
m0∂un
e = ∂0(n
e∂0S)−∇ · (ne∇S) , (41)
and
(∂0S)
2 − (∇S)2 = m20c2 . (42)
For a density ne(qe, u) = δ(q0− cu)n(q, u), localized in time, (41) reduces in the nonrel-
ativistic limit to the usual continuity equation δ(t − u)[m0∂un + ∇ · (n∇S)] = 0. The
11
Figure 1. m0c
2/Γ from experimental data (∗) and the interpolation functions 2.1 + C/Γ (solid)
for 32 light unflavored meson resonances (ω, η, φ, pi, ρ, a, b, f) with Γ ≥ 8.43 MeV (A) and 48
baryon resonances (N,∆,Λ,Σ) with Γ ≥ 15.6 MeV (B) [27].
nonrelativistic identification of u as time may appear when t is a quasiclassical variable
[18], described by a Gaussian wave-packet such that 〈t〉 = u. The width of this wave-
packet sets a lower limit for the classical time-intervals, and a fundamental space-length
`0. Evidence for the existence of such an elementary time-interval δt0 = `0/c = ~/m0c2
was found in the particle data [27]. Thus, the ratio m0c
2/Γ = τL/δt0 between the mass
(in MeV) and decay width (Γ), calculated using the experimental data5 for meson and
baryon resonances is well interpolated by functions of the form 2.1 + C/Γ, where C is
1222 MeV for mesons and 1487 MeV for baryons (Figure 1, Appendix 1), indicating that
the lifetime τL = ~/Γ is limited below by 2δt0.
A quantum distribution
f˜eΨ(q
e, ke, u) ≡ Ψ(qµ + σk
µ
2
, u)Ψ∗(qµ − σk
µ
2
, u) , (43)
is a ”static” solution (∂uf˜
e
Ψ = 0) of the RLE if −σ2Ψ = m20c2Ψ,  ≡ ∂20 −∇2. When
σ = ~ this represents the Klein-Gordon equation.
The extended phase-space is also the suitable framework to describe the electromag-
netic field [36]. In vacuum the electric and magnetic fields E and B appear as coefficients
of two dual 2-forms ωf , ω
∗
f on the space-time manifold R4,
ωf = −B · dS+E · dq0 ∧ dq , ω∗f = E · dS+B · dq0 ∧ dq , (44)
where dS1 = dq2∧dq3, dS2 = −dq1∧dq3, dS3 = dq1∧dq2. In the presence of the field the
canonical symplectic form ωe0 on T
∗R4 for a relativistic massive particle which carries
the electric charge qe and the magnetic charge qm becomes [36]
ωe = ωe0 +
qe
c
ωf +
qm
c
ω∗f , (45)
to account for the Lorentz forces FB = qev ×B/c and FE = −qmv × E/c. By specific
integrality conditions these two forms provide electric or magnetic charge quantization,
while the exterior derivatives in vacuum dωf = dω
∗
f = 0 yield the wave equation E =
5Some of these old data do not appear anymore in [35].
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B = 0. Such an equation has as coherent solutions any vector function of τ = t±n·q/c,
where n is the unit vector along the propagation direction. For instance, E can be a
harmonic or a Gaussian function of τ , as we may have a plane wave or a localized pulse.
However, τ is not Lorentz-invariant, and instead it is convenient to consider coherent
functionals of a Lorentz-invariant phase function ϕ(q0,q) ∼ τ .
The photon, as a relativistic particle of vanishing rest mass and energy  = c|p|,
associated with the (real) electromagnetic waves, can be introduced considering the
energy-density continuity equation
∂twf = −divY , (46)
and the eikonal equation
(∇ϕ)2 = (∂0ϕ)2 , (47)
which are similar to (41) and (42) with m0 = 0. Here wf = (E
2 + B2)/2 is the energy
density of the field and Y = cE × B is the Poynting vector. Because photons are free
particles there are no ”zero-point energy” terms in the Planck distribution, (accurately
retrieved in the 2.7 K cosmic microwave background spectrum [37]), or in the vacuum
energy density [38].
The case of particles in states of negative energy (E < 0) is peculiar because according
to [34, 27], in such states the Lorentz group SO(1, 3) is replaced by SO(4), locally
isomorphic to SU(2)×SU(2). This means that for E < 0 the distinction between space
and time coordinates disappears, and apparently such particles are 4-dimensional objects
living in closed space-time domains. It is interesting to remark that in general relativity
the metric outside a spherical shell of mass M [39],
ds2 = (1− 2γGM
rc2
)dq20 − (1− 2γG
M
rc2
)−1dr2 − r2(dθ2 + sin2 θdϕ2) ,
γG = 6.67·10−11 Nm2/kg2, shows no clear distinction between space and time coordinates
at r < Rg = 2γGM/c
2, when formally the gravitational (binding) self-energy approaches
−Mc2. Beside this similarity, we may speculate that the effect of the inertial parameter
(mass) on the metric described at macroscopic scale by the general relativity may turn
at atomic scale into an effect on the constant `0.
4 Finite temperature effects
At finite temperature (T ) the thermal noise affects the statistical ensemble of the ”pure”
action distributions (19), which evolve towards the classical equilibrium density fe,
fe =
N
h3
e−βH
Zµ
, Zµ =
∫
Mµ
Ωµ
h3
e−βH ,
β = 1/kBT , according to the Fokker-Planck equation
∂tf +
1
m
p · ∇f −∇V · ∇pf = γ∇p · ( p
m
+
∇p
β
)f , (48)
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where γ denotes the friction coefficient. By the Fourier transform in momentum (48)
becomes
∂tf˜ − i
m
∇k · ∇f˜ + k · (i∇V + γ
m
∇k)˜f = −γkBTk2f˜ . (49)
A function f˜ of the quantum form f˜ψ(q,k) = ψ(a)ψ(b)
∗, (Appendix 2), with a = q+~k/2
and b = q− ~k/2, can be written as a matrix element f˜ab = 〈a|ψ〉〈ψ|b〉 of the operator
|ψ〉〈ψ| between the eigenstates |a〉, |b〉 of the position operator qˆ. With the notation
fˆab = f˜ab/h
3 we also get ∂tfˆab = (∂tfˆ)ab,
k =
1
σ
(a− b) , kfˆab = 1
σ
[qˆ, fˆ]ab , k
2fˆab =
1
σ2
[qˆ·, [q, fˆ]]ab ,
∇k = σ
2
(∇a −∇b) , ∇kfˆab = σ
2
{∇, fˆ}′ab , ∇k · ∇fˆab =
σ
2
[∆, fˆ]ab ,
where {, }′ denotes the anticommutator. At small k
σk · ∇V fˆab ≈ (Va − Vb)ˆfab = [V, fˆ]ab ,
and as indicated in [19], if σ = ~, fˆ/N = ρˆ = ˆ¯ρ/h3, Trˆ¯ρ = 1, then for a single microscopic
particle (49) takes the form of the quantum Fokker-Planck equation for the usual density
operator ˆ¯ρ,
i~∂tˆ¯ρ = [Hˆ, ˆ¯ρ] +
γ
2m
[q, ·{pˆ, ˆ¯ρ}′]− iγkBT
~
[qˆ, ·[qˆ, ˆ¯ρ]] . (50)
This equation is similar to the one proposed in [40], and it takes the form considered in
[18] if pˆ from {pˆ, ˆ¯ρ}′ is replaced by 〈pˆ〉. Though, none of them has a satisfactory form,
apparently due to the dissipative term. In classical mechanics, the effect of dissipation
is not only energy loss, but also decrease in the phase-space volume. Thus, density fluc-
tuations near the volume of the elementary cell may change the dissipation mechanism.
In fact, when Hˆ = pˆ2/2m the quantum equilibrium distributions
ˆ¯f± =
1
eβHˆ−α ± 1
, T rˆ¯f± = N , (51)
can be obtained as stationary solutions of the nonlinear equation
i~∂tˆ¯f = [Hˆ, ˆ¯f] +
γ
2m
[q, ·{pˆ, ˆ¯f(1∓ ˆ¯f)}′]− iγkBT
~
[qˆ, ·[qˆ, ˆ¯f]] , (52)
in which ∓γ{pˆ, ˆ¯f2}′/2m could be assigned to a density-dependent correction term to the
friction force [33]. However, before thermalization, while the thermal noise decreases the
coherence domain, one can expect a transition from complex (ψ) ”probability waves” to
real (n) density waves [19].
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5 Conclusions
The Fourier transform in momentum f˜ of the distribution function on the classical phase
space is a density on the configuration space Q, such that coherent solutions of the Li-
ouville equation, expressed as functionals of only two functions on Q, n and S, can be
found. The action waves f0 (19) are localized in momentum and evolve according to
the Hamilton-Jacobi equation at infinite entropy. Coherent distributions (24) of finite
entropy can be found in the particular case of the harmonic oscillator. These are co-
herent not only as Gaussian distributions on the phase-space, but also as the Wigner
transform of the Glauber states, coherent for TDSE. In general, a functional f0 takes
the form of the Wigner function fψ (28) by space discretization. Although fψ is not
positive definite, it has a positive overlap with (24), and in this sense can be considered
as particle (or probability) density. During time evolution fψ, with ψ an exact solution
of TDSE, remains coherent only for polynomial potentials of degree at most 2. This
means for instance that in a Coulomb potential either the classical Liouville equation,
or TDSE should contain correction terms, which can be calculated and compared to
other corrections (e.g. relativistic, QED [41]), or experimental data (e.g. the transition
time in single atoms [42]). However, the equality (39) < H > |fψ = 〈Hˆ〉ψ, which can be
used in time-independent variational calculations for the dominant part of the (quasi)
stationary equilibrium distributions, holds for any potential [33].
Relativistic Wigner functions can be defined similarly, by space-time discretization
of the action distributions on the extended phase space. Though, the presumed depen-
dence of the minimum interval of time (the ”present”) on the inertial parameter, or
the problem of negative mass, indicate that the suitable framework for discussion is the
general relativity.
At finite temperature the Fourier transform (49) of the classical Fokker-Planck equa-
tion takes the form of the quantum transport equation (50) simply by considering the
density f˜ψ(q,k) as a matrix element. However, to obtain the quantum equilibrium dis-
tributions (51) as stationary solutions an additional, density-dependent correction to the
dissipative term, is necessary.
The results summarized above indicate that the functional coherent distributions on
the classical phase-space may provide the missing link between classical mechanics and
quantum phenomenology. The ”action waves” (19) and the Wigner functions (28) are
two examples of coherent distributions f[n,S] related to the classical and quantum behav-
ior, respectively, but the space of such solutions, its relationship to ”granularity”, and
the various aspects of ”decoherence” remain so far unexplored.
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6 Appendix 1: Particle data tables
Table 1. Comparison between the experimental value of the mass (M) and the estimate
2.1Γ+ 1222 MeV for some meson resonances (M,Γ from [35]).
Resonance Γ (MeV) JPC M (MeV) 2.1Γ+1222 MeV
f1 (1285) 24.2 ±1.1 1++ 1282.1 ±0.6 1272.8 ±2.3
η (1295) 55 ±5 0−+ 1294 ±4 1337.5 ±10.5
f0 (1500) 109 ±7 0++ 1505 ±6 1450.9 ±14.7
pi (1800) 208 ±12 0−+ 1720 ±6 1658.8 ±25.2
Table 2. Comparison between the experimental value of the mass (M) and the estimate
2.1Γ+ 1487 MeV for some baryon resonances (M,Γ from [35]).
Resonance Γ (MeV) JP M (MeV) 2.1Γ+1487 MeV
Λ(1520) 15.6 ±1 32
−
1519.5 ±1 1519.7 ±2.1
N(1700) 150 (100-250) 32
−
1700(1650-1750) 1802(1697-2012)
Σ(1940) 220 (150-300) 32
−
1940 (1900-1950) 1949 (1802-2117)
N(2600) 650 (500-800) 112
−
2600(2550-2750) 2852 (2537-3167)
7 Appendix 2: Partitions and characteristic functions
Let (2) be a partition of the µ-space M = T ∗R3 and χi : M → R the characteristic
function of the cell bi. If all cells have the same volume Ω
k
µ = Ω0, (the granularity), then
the elements of the set Cb = {χi : M → R / χi|bk = δik, i, k ∈ Ib} have the properties:
1.
∫
M
Ωµχi = Ω0 , 2. (χi, χj) =
∫
M
Ωµχiχj = Ω0δij , 3.
∑
i∈Ib
χi(m) = 1 ,∀m ∈M . (53)
The partition is presumed adapted to a real polarization of (M,ω) such that the cells
can be separated by Lagrangian submanifolds ΛQ, ΛP , and χi(q,p) is separable in the
coordinates (q,p) as χi(q,p) = χ
Q
i (q)χ
P
i (p), ∀i ∈ Ib. The cells are considered identical:
cubic, simply connected, although in principle we may consider also quasi-degenerate
partitions with elongated, string-like cells, or with flat cells, almost plane.
An observable f ∈ F(M) is called macroscopic with respect to Cb if it can be
accurately approximated by fb =
∑
k∈Ib fkχk with fk = (f, χk)/Ω0. If ρ is a macroscopic
probability distribution and A a macroscopic observable then Ω0ρk is the probability of
localization in the cell bk and
< A >ρ= (A, ρ) =
∑
k∈Ib
(A,χk)ρk = Ω0
∑
k∈Ib
Akρk (54)
is the expectation value of A.
If we change Cb to Cb′ = {χ′k, k ∈ Ib′} by global translations, rotations or varia-
tions in the shape of the cells at constant volume then formally χ′i =
∑
k∈Ib P
b
ikχk with
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P bik = (χ
′
i, χk)/Ω0 ≥ 0, but the matrix P b may be singular because χ′i are not macro-
scopic observables. The set {P bik, k ∈ Ib} does not specify b′i completely, but it can
be interpreted as its probability distribution over the partition {bk, k ∈ Ib} , related to
{b′i ∩ bk, k ∈ Ib}.
Let f˜1, f˜2 be the Fourier transforms in momentum of f1, f2 ∈ F(M). Then
(f1, f2) =
∫
M
d3qd3p f1(q,p)f2(q,p) =
1
(2pi)3
∫
d3qd3k f˜1(q,k)f˜2(q,−k) . (55)
Introducing new variables (a,b): a = q + ~k/2, b = q − ~k/2, and the notation
fˆab = f˜(q,k)/h
3, fˆ∗ab = fˆba, (55) becomes
(f1, f2) = h
3
∫
d3ad3b fˆ1abfˆ2ba ≡ h3Tr(fˆ1fˆ2) . (56)
In particular, when A ∈ F(M) is 1, qi or pi we get 1ˆab = δ(a− b), (qˆi)ab = aiδ(a− b),
(pˆi)ab = −(i~/2)(∂ai − ∂bi)δ(a− b).
A function χψ ∈ F(M) is called associated to a ”quantum cell” qψ (topological sub-
space of R6) if (χˆψ)ab is separable in the variables a and b such that (χˆψ)ab = ψ(a)ψ(b)∗
(or χˆψ = |ψ〉〈ψ| ≡ ˆ¯ρψ) with ψ ∈ L2(R3), 〈ψ|ψ〉 = 1.
Let E = {ψn ∈ H/〈ψn|ψn′〉 = δnn′ , n, n′ ∈ Iq} be a countable orthonormal basis in
H = L2(R3). Then the elements of the set Cq = {χψn ∈ F(M) , ψn ∈ E} have the
properties:
1. (χψn , 1) = h
3 , 2. (χψn , χψn′ ) = h
3δnn′ , 3.
∑
n∈Iq
χψn(m) = 1 , ∀m ∈M , (57)
similar to (53) with Ω0 = h
3, while ρψ = χψ/h
3 is the Wigner transform of ψ. A
reference set is CHˆ = {χψn ∈ F(M) / Hˆψn = Enψn , 〈ψn|ψn′〉 = δnn′ , n, n′ ∈ Iq},
defined by the eigenfunctions (38) of the 1-particle Hamiltonian Hˆ. With respect to
this set, a macroscopic (thermal) probability distribution on M has the form ρq =∑
n∈Iq wnρψn , with wn ≥ 0,
∑
n∈Iq wn = 1, h
3ρψn = χψn ∈ CHˆ , or ρˆq = ˆ¯ρq/h3 where
ˆ¯ρq =
∑
n∈Iq wn|ψn〉〈ψn| is the density operator.
For an arbitrary function ψ ∈ H, 〈ψ|ψ〉 = 1, the coefficient P qψψn = (χψ, χψn)/h3 =
|〈ψ|ψn〉|2 is interpreted as non-thermal probability distribution related to the expansion
ψ =
∑
n∈Iq〈ψn|ψ〉ψn. Because in principle supp(χψ) covers all phase space M the
subsets where χψ < 0 are necessary to ensure that if 〈ψ|ψ′〉 = 0 then (χψ, χψ′) = 0. To
illustrate this situation in the case M = T ∗R let us consider the orthogonal states ψ+
and ψ−, ψ± = η±(ψG,d ± ψG,−d), where ψG,±d(x) = (c/pi)1/4e−c(x∓d)2/2 are Gaussian
wave packets localized at x = ±d, c is a constant (c = mω/~ for the harmonic oscillator
ground state), and η± = (2± 2e−cd2)−1/2 are normalization factors. The corresponding
Wigner functions are ρ± = η2±(ρd + ρ−d ± ρi) where
ρ±d(x, p) =
1
pi~
e−c(x∓d)
2−p2/c~2 , ρi(x, p) =
2
pi~
e−cx
2−p2/c~2 cos(2dp/~) , (58)
17
such that if d > 0 then (ρ+, ρ−) = 0. The negative values of ρ± indicate that for the
localized distribution ∆q0p0(q, p) = δ(q − q0)δ(p− p0), the operator ∆ˆq0p0 ,
(∆ˆq0p0)ab =
2
h
(Πˆq0)abe
i(a−b)p0/~ , Πˆq0ψ(x) = ψ(2q0 − x) , (59)
is not positive. For instance, if (q0, p0) = (0, 0) then ∆ˆ00 = 2Πˆ0/h, Πˆ0ψ± = ±ψ±, and
ρ±(0, 0) = (ρ±,∆00) = 〈ψ±|∆ˆ00|ψ±〉 = ±2/h.
The quantum cells qψ associated to the elements χψ ∈ CHˆ may resemble in particular
situations the cells defined by the integrality conditions of the old quantum mechanics,
but to obtain a more precise description, in which χψn |qψn′ = δnn′ , a local parametriza-
tion of M by non-canonical coordinates might be necessary.
For a Wigner function ρψ the quantum entropy defined by Sq(ρ) = −kBTr(ˆ¯ρ ln ˆ¯ρ)
vanishes, (Sq(ρψ) = 0), while the entropy of (7), S(ρψ) = −kB(ρψ, ln ρ¯ψ) = −kBTr(ˆ¯ρψ lˆnρ¯ψ),
in general is complex.
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